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Abstract
Some considerations of long wavelength and broadband radiation sources based on the emission
of the coherent radiation by a train of short relativistic electron bunches moving in an open resonator
along an arc-like or undulator trajectories and some new versions of the transition radiation sources
and long wavelength sources based on storage rings are presented.
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1 Introduction.
Many fields of science are in need of the long wavelength and broadband radiation sources with a
continuous spectrum. The blackbody sources and sources of spontaneous incoherent synchrotron and
undulator radiation based on storage rings of the energy ∼ 1 GeV and higher are used in this case. Such
sources are effective in optical and harder regions of spectra. In IR and longer wavelength regions of
spectra only monochromatic radiation sources like lasers (masers), free-electron lasers, traveling-wave
tubes, klystrons and so on are effective.
The problem of high power long wavelength and at the same time broadband sources with continues
spectrum is open now. One of the possible ways to solve this problem is the way using the coherent
radiation of short bunches of relativistic electrons passing through the external fields or through or
near material bodies (Cherenkov, transition, diffraction radiation).
Effective generation of coherent radiation is possible when the electron bunch-length is less or
comparable with the emitting wavelength. It means that the spectrum of the broadband sources is
limited from the short wavelength region by the electron bunch length.
At present all accelerators and special bunching systems produce periodical trains of bunches
under a definite bunching frequency. It means that all generators based on such beams will emit line
spectrum radiation at bunching frequency and their harmonics. Line nature of the spectrum can be
displayed in the long wavelength region. In this case to generate spectrum similar to continuous one
the distance between bunches must be much (some orders) greater then the wavelengths of the emitted
radiation.
Modern high energy linear accelerators using electron guns with thermal cathodes and bunchers
can produce now electron bunches of the length ∼ 1mm and less. New technology connected with
electron guns based on laser photocathodes permits to produce shorter bunches. Bunchers based on
undulators and lasers permit to produce a long train of very short microbunches at the bunching
frequency of the lasers but such train of microbunches could not be used in the long wavelength and
broadband sources of the coherent radiation with a continuous spectrum.
In this paper we search different schemes of coherent radiation sources.
2 Particle radiation in the external fields and in media.
The electric and magnetic field strengths of a non-uniformly moving charged particle are determined
by expressions
~E(t) = ~Ec(t) + ~Er(t), ~H = [~n ~E], (1)
where
~Ec(t) =
e(1 − β2)(~n − ~β)
R2(1− ~n~β)3
|t′ , ~Er(t) =
e[~n[(~n− ~β)~˙β]]
cR(1− ~n~β)3
|t′ ,
e, c~β, c~˙β are the charge, velocity, and acceleration of the particle, ~n is the unit vector directed from
the particle to the observation point, R is the distance from the particle to the observation point, and
t is the time of observation [1], [2]. On the right-hand side of the expressions (1), ~β, ~˙β, ~n and R must
be taken at the earlier time t
′
= t−R(t′)/c.
The first term in (1) describes the sharply decreasing Coulomb field of the particle, while the
second describes the electromagnetic field radiated by the particle. When ~˙β = 0 then the emission
of the electromagnetic waves is absent. The energy of the electromagnetic radiation emitted by the
particles can be taken from the kinetic energy of the particles or from the energy of the extraneous
force sources.
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The power emitted by a particle is determined by the instantaneous values of the velocity and
acceleration of the particle:
P =
dε
dt
=
2e2
3c3
(|~˙β|2 − (~β~˙β)2)γ6, (2)
where ε is the energy, γ = ε/mc2 is the relativistic factor, and m is the mass of the particle. The
angular distribution of the power emitted by the particle
dP
do
=
c
4π
|Er|2R2o =
e2
4πc3
{ 2(~n
~˙β)2
c(1 − ~n~β)5
+
|~˙β|2
(1− ~n~β)4
− (~n
~˙β)2
(1− ~n~β)6γ2
} (3)
at the distances Ro much higher then the dimensions of the region where the radiation is emitted
(acceleration is equal zero). In this case we can suppose R = Ro = const.
The spectral-angular and polarized properties of the emitted radiation are defined by Fourrier’s
transform ~Erω of the electric field strength vector ~E
r(t). Further we will use the Fourrier’s transform
of the form
~Eω =
1
2π
∫ +∞
−∞
~Er(t)eiωtdt =
1
2π
∫ t2
t1
~Er(t)eiωtdt, (4)
where the time t1 corresponds to the time of t
′
1 of the particle entering in and the time t2 corresponds
to the time of t
′
2 of the particle exit from the external field. They are determined by the conditions
~˙β(t < t
′
1) = 0,
~˙β(t > t
′
2) = 0, |~˙β(t
′
1 < t < t
′
2)| ≥ 0, that is by the part of the trajectory inside which
the acceleration of the particle differ from zero.
Thus, for instance the spectral-angular distribution and the spectral density of the energy emitted
by a particle and passing through the element of the solid angle do = dS/R2o or the area dS at the
observation point are determined by the expression
∂2ε
∂ω∂o
= R2o
∂2ε
∂ω∂S
= cR2o| ~Eω|2. (5)
The Fourrier’s transform of the electromagnetic field strength at zero frequency ω = 0 can be
presented in the form ~Eω|ω=0 = (1/2π)~I , where
~I =
e
cRo
[~n[~n(
~β2
1− ~n~β2
−
~β1
1− ~n~β1
)]], (6)
is the strange parameter of the emitted wave, subscripts 1, 2 relate to initial and final electron velocities
or the same to the moments t1, t2. By definition ”Strange electro-magnetic Waves” (SW) are waves,
whose electric field vector ~E(t) satisfies the condition ~I =
∫+∞
−∞
~E(t)dt 6= 0. Such waves and the strange
parameter ~I were introduced in [3], [4] to describe some of the properties of the emitted radiation.
The value ~I 6= 0 when ~β1 6= ~β2. It means that SW are emitted only in the case of the unlimited
trajectories of the particles (either ~β1 6= 0 or ~β2 6= 0 or both of them differ from zero ). In particular,
waves for which the components have the form of unipolar pulses are strange one. SW transfer to a
charged particle at rest a momentum linear in ~E and directed perpendicular to the direction of their
propagation 1.
Notice that the Maxwell equations allow the arbitrary and hence unipolar pulses of the electro-
magnetic waves. However this is necessary but not sufficient condition of the existing of such waves.
It is necessary to have the conditions for the emission of such waves. The sufficient condition for the
emission of SW is ~β1 6= ~β2.
1When |~I 6= 0| then spectral intensity (4) is not equal zero up to zero frequencies or up to the wavelengths λ → ∞.
It means that in this case the part of the emitted radiation with the wavelengths λ > Ro is not in the far (wave) zone
and we can’t consider this part of waves as plane waves in this region.
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Notice also that this conclusion is valid when the distance R in (1) is much greater then the
dimensions of the emission region [1], [2]. In this case we can consider that the radiation is emitted
from small (point-like in comparison with R) region and propagate under the same direction defined
by the constant unite vector ~n and at the constant distance R = Ro
2. However the conditions can be
realized when the particle pass through two regions A and B and the distances between this regions
and observation point are near the same. Under such conditions particle can emit two waves with
strange parameters ~IA 6= 0 and ~IB 6= 0 when the initial and final velocities of the particle are zero.
These waves will come to the observer under different angles (different unite vectors ~nA, ~nB) and with
different values of the vectors |~IA|, |~IB |. They can be selected this place by splits or concave mirrors [3],
[4]. Such waves will have increased intensity in the long wavelength region and can be used this place
or after separation at more distant places. When the distance from each region to the observation
point is much greater then the distance between regions then in this case ~IA = −~IB, ~I = 0 and the
efficient conditions for the long wavelength radiation are absent. One of the important elements in
the projects of the long wavelength radiation sources based on the relativistic electron beams can be the
selection elements.
The fruitful idea of the formation zone was introduced in [5], [6]. But this idea works well under
conditions when the distance from all emitting regions to the observer is much larger then distances
between these regions and theirs dimensions and when there is no focusing and other elements between
these regions capable to destroy the interference between the emitted wavepackets. The total spectrum
of the emitted radiation passing through the closed surface including regions A and B depends on the
shape of the surface and it’s distance from the emitting regions.
Electromagnetic radiation (electromagnetic waves) can be emitted by charged particles in free
space only under conditions of nonuniform (accelerated) motion of the particles. This statement
fallow from the expressions (1),(2) describing the electromagnetic field strengths and power of the
emitted radiation. When the uniformly moving charged particle (projectile particle) pass through a
transparent medium and near or through a material body or a system of bodies it emit Cherenkov and
transition (diffraction) radiation respectively [5]. One speaks that in this case the radiation is emitted
by uniformly moving particle. However this is spoken for simplicity and convenience. In reality in
this case the energy of the emitted radiation is taken from the extraneous forces source. This source
transform the energy to the projectile particle support it on the constant level and through this particle
transform it to particles of the medium. The particles of the medium undergo the acceleration and
hence emit radiation and decelerate projectile particle with the force equal to and directed backward
to the extraneous force. No waves go away from projectile particle. If the extraneous forces are
absent, then the heavy projectile particle will be decelerated by fields induced by media particles but
the electric field strength and hence the energy of the wave emitted by the projectile particle will
be much less then the field strength and the energy emitted by particles of media. In this case the
total radiation will be emitted by the accelerated particles of media and by the accelerated projectile
particle. It means that according to these common positions all known kinds of radiation can be
reduced to a radiation of accelerated particles.
Usually the electron beams of linear accelerators consist of trains of bunches. Each train (impulse)
is repeated with some industrial frequency fo and each bunch in the train is repeated with some bunch-
ing frequency fb. Each bunch in it’s turn can consist of a small microbunches following under theirs
microbunching frequencies fmb
3. Such electron beams in arbitrary external fields or in resonators
and any other systems emit electromagnetic radiation in the form of the wavepackets with the same
repetition frequencies. It means that according to Fourrier’s transform theorems the frequencies of the
2Only this case is under consideration in the textbooks when spectral-angular distributions of the emitted radiation
are investigated.
3The frequency fo is the switching on frequency of the generator of the linear accelerator system, the frequency fb
is the frequency of the generator (klystron and so on) and fmb is the frequency of the microbunching laser wave of a
special bunching system (based on undulator and other devices).
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emitted waves in such systems will have line spectrum of the frequencies fmb, fb, fo, theirs harmonics
and frequency combinations of the form 4
fnmk = nfmb ±mfb ± kfo, (7)
where n,m,k are whole numbers. Usually fo ≪ fb ≪ fmb. The frequency fo (fo ∼100 Hz) is many
(∼7) orders less then fb (fb ∼1 GHz) and we can neglect the splitting of the frequencies by the value
fo.
In the examples below we will deal with frequencies fb and fo of the beam bunched in the accelerator
and we will neglect the frequency splitting of the value fo. A single bunch in this case will emit radiation
with some continuous spectrum. The spectrum of a large number of bunches Nb ≫ 1 will look like line
spectrum with envelope of the continuous spectrum. The bandwidth of the lines will be determined by
the number of the bunches Nb and the harmonic number m: ∆f/f ≃ 1/mNb. The distance between
lines fb can be resolved in the long wavelength region (λ ∼ 1− 10−2 cm, c/fb ∼ 10 cm).
When high quality resonator is used with some natural mode frequencies fr then only modes with
frequencies equal or near to bunching frequencies or theirs harmonics will be exited.
3 Stimulation of the energy lost of particles in the external fields
by an open resonator.
A scheme of the source based on coherent radiation of bunched relativistic electron beam in external
fields and intensified by an opened resonator is presented in the Fig.1. On this Figure the external
fields are presented by an ordinary banding magnet.
Electron beam from a linear accelerator enter the vacuum chamber installed in a bending magnet
at the angle α1 to the axis y, pass trough a thin flat metal mirror M1, go along an arc through
magnetic field which is built up from zero to a maximum value Bm at the length of the order of the
gap of the bending magnet and then exit from the resonator at the angle α2 to the axis y through
the hole (or through a thin foil installed in the hole) of the second spherical concave mirror M2 of
the resonator. Some hole (window) in resonator mirrors or small mobile mirror M3 inserted in the
resonator can be used to extract the stored radiation from resonator.
Electron bunches in the magnetic field will emit radiation in the form of a train of short wave
packets. This wave packets will be stored in the cavity for some time determined by losses in the
cavity (quality of resonator). If the bunching frequency is equal to the oscillating frequency of the
wavepackets in resonator (when the electron velocity v is near to the light one and double distance
between mirrors is multiple to the distance between electron bunches) and the quality of resonator is
high then the wavepackets of the emitted radiation will be overlapped. The value of the electric field
strength and the power of the stored wavepackets will be proportional to the effective number and
to square of the effective number of stored wavepackets (photon bunches) accordingly. This way the
resonator will enhance the power of the emitting radiation. In this case the conversion of the electron
beam energy to the energy of the electromagnetic radiation will go mainly through the interaction
of the transverse electric fields of the stored wavepackets with transverse components of the electron
velocities obtained by electrons in the magnetic field but not through the self-decelerating fields.
The length of the stored wavepackets is much smaller then the length of the resonator. It means
that in this case a high number of the longitudinal modes will be exited in the resonator.
When the combination of plain mirror and spherical mirror is used, then the waist of the photon
beam will be at the flat mirror and the radius of the waist will be determined by the expression
σγ0 = (
d(R − d)λ2
π2
)1/4, (8)
4This result can be received by analogy with the derivation of the expression (26) (see below).
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Fig.1: Schematic diagram of the experimental setup. M1: plain mirror; M2: spherical
mirror; M3: extracting mirror; BM: banding magnet; ME: mode envelope.
where d is the distance between mirrors, R is the radius of the spherical mirror, λ is the wavelength
of the emitted radiation [7].
It follows from (8) that resonator works when R > d. Usually one choose R = 2d. In this case
σγ0 ≃
√
λd/π.
The field distribution at the arbitrary point considered will be determined by the expression
σγ = σγ0
√
1 + (
y
lR
)2, (9)
where lR = πσ
2
γ0/λ is the Rayleigh length.
The photon beam radius is increased
√
2 times and the area of photon beam 2 times per the length
lR. At the distance σγ the density of photon beam in the transverse direction will decay e times [7].
Example. Let us λ = 1mm,d = 50cm,R = 1m. In this case the value σγ0 ≃ 1.3cm, lR ≃ 53.1cm.
The resonator must allow a few tens of transitions, before the radiation is reduced by the various
loss processes (transmission, scattering diffraction, walk out, etc.) to e−1 of its initial intensity. The
photon beam losses in resonator determine the quality of a resonator. Diffraction losses are determined
by Fresnel numbers
NFi =
r2i
λd
, (10)
where ri = (r0, rm), r0 is the hole radius of the resonator mirror, rm is the radius of the mirror [7].
In the case of TEM00 resonator mode the photon beam energy loss per pass ∆W/W ∼ 10−3 when
resonator Fresnel number is Nm = 1 and ∆W/W ∼ 10−2 when aperture Fresnel number is NF0 = 10−3
[7]. When the photon beam energy loss per pass is high (∆W/W ≥ 0.1) then it can be approximated
by the expression ∆W/W ≃ N0 ≃ (r0/σγ0)2 (the ratio of the areas of the hole in mirror and photon
beam). The same consequences are valid for mirror inserted in the resonator.
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The values rm and σγo are limited. It means that the range of the wavelengths of the source
according to (8) and condition Nm > 1 is limited in the long wavelength region. Closed resonator
(cavity) can be used to move this limit down.
The banding radius of the electron trajectory in the bending magnet ρ = mc2γ/eBm (ρ[cm] ≃
1700γ/Bm[Gs]), where γ = ε/mc
2 is the relativistic factor, Bm is the magnitude of the magnetic field
strength of the banding magnet. The bending angle of the electron ∆θ = α2 − α1 ≃ a/ρ, where a
is the length of the banding magnet. According to (1) the electric field strength of the wavepackets
emitted by electrons in the bending magnet in the direction of the axis ”y” at large distances (mirror
M2 is removed) have maximum value when the electron velocity is parallel to the axis y. It has
zero values when the electron velocity is under the angles α1 = −1/γ and α2 = 1/γ to the axis
y. The components of the electric field strength in this case have the form which looks like single
sign near one semi-period sine form of duration ∆t = a/cγ2 (see Fig 2a). The wavepackets of single
sign components of the electric field strengths present strange electromagnetic waves. The spectrum
of such wavepackets stretch up to zero frequencies. In this case the spectral density of the emitted
radiation take on maximum value. This is to be expected that this conditions will be optimum for
this geometry of the experiment.
The form of the time dependence of the electric field strength of radiation emitted in the case of
α2 = −α1 ≫ 1 will correspond to the synchrotron radiation form of wavepackets (see Fig.2b).
When the banding angle α1 ≃ ±1/γ and α2 ≫ 1/γ (the case when the electron beam pass
by the mirror M2 and the heating problem of the mirror disappear) then the wavepackets of the
electromagnetic radiation emitted by particles in the direction of the axis y will present strange
electromagnetic waves as well (see Fig. 2c, Fig.2d). But spectral density of the emitted radiation will
be ∼ 4 times less then optimum one.
The condition of optimal generation in the banding magnet (∆θ = 2/γ) does not depend on the
electron energy. The optimal value of the magnetic field strength in this case
Bopt =
2mc2
e a
(11)
or Bopt[G] = 3400/a[cm].
Example. When the length of the banding magnet is a = 50 cm then the value of the optimum
magnetic field Bopt = 68 G.
The transition radiation will be emitted by electron in the flat mirror. This radiation corresponds
to instantaneous start of the electron and its image of opposite charge on the mirror surface in the
opposite directions [5]. The duration of the wavepacket of the transition radiation is very small (∼ 10−6
cm). This wavepacket has single sign form of the electric field strength and hence present ”strange
wave radiation” [8]. The signs of the electric field strengths of radiation emitted in the magnetic field
and in mirror are opposite. That is why the modulus of the strange parameter (6) of the total radiation
does not depend on the value of the magnetic field and defined by (6) under condition ~β1 = 0.
In general case (H 6= 0, αi are arbitrary) particle bunches will not interact with stored transi-
tion radiation and hence will not amplify it as the electric field strength of the radiation stored in
opened resonator near by the mirrors surfaces (where the transition radiation is emitted) has not both
longitudinal and tangent components.
When an electron is going along the axis y and enter the mirror M1 and when the magnetic field
is switched off (α1 = α2 = 0) then the transition radiation will be stored in the resonator but it will
not be amplified as the stored radiation in opened resonator has only transverse components of the
electric field strengths and the electron velocity has only longitudinal component 5.
5Closed resonator (cavity) can be excited through the transition radiation as such resonator have the TE modes with
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The scheme presented in the Fig.1 is the scheme of the prebunched (parametric) free-electron laser
(fel) based on one banding magnet. Usually a system of banding magnets of the alternate polarity
(undulators) is used in similar schemes. The theory of the prebunched fel will be presented in the
next section. We propose that this theory in the first approximation will be valid for short (one or a
half period) undulators that is for the case considered in this section.
4 Prebunched free-electron laser based on an undulator and on an
open resonator.
A schematic diagram of the parametric (prebunched) free-electron laser based on an undulator is pre-
sented in the Fig.3. Some elements of the theory of such lasers based on open resonators was developed
in [9]. Experimental investigation of the parametric free-electron laser using cylindrical resonator was
made in [10]. Theory of such schemes does not completed. Now we present a development of the
theory of such lasers for the case of the helical undulator of the arbitrary length 6. This theory will
permit to estimate the power emitted in the previous scheme. A short (one period) undulator is
drawn in the Fig.3. Such undulator with high deflecting parameter will permit to generate the long
wavelength broadband radiation.
The particle trajectory in an arbitrary undulator satisfy the conditions: ~r(t+mT ) = m~λu + ~r(t),
~β(t+T ) = ~β(t), where T is the period of the particle oscillations in the undulator, m = 1, 2, 3...K, |~λu|
the longitudinal components of the electric field strengths.
6The difference in the intensity of the radiation emitted on the first harmonic in a plane undulator drawn in Fig.3
and in a helical undulators is negligible (∼ 30%) but the polarization is circular for helical undulators and linear for
plane undulators. Formulas for the particle emission in a helical undulator are the simplest one.
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is the undulator period, vector ~λu/|~λu| is the unit vector along the average velocity of the particle,
~v = ~λu/T [11]. The relative electron velocity in the undulator have longitudinal and transverse
components ~β = ~β‖+~β⊥. In helical undulators the values of these components are constant. According
to the Doppler effect the wavelength of the radiation emitted in the undulator on the first harmonic
at the angle θ to the axis ”y” is
λ1 =
λu
2γ2
(1 + p2⊥ + ϑ
2), (12)
where p⊥ = γβ⊥ = eBmλu/2πmc
2 ≃ Bm[Gs]λu[cm]/10700 is the deflecting parameter of the
undulator7, Bm is the value of the magnetic field of the undulator, ϑ = γθ.
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Fig.3: Schematic diagram of the experimental setup. M1: plain mirror; M2: spherical
mirror; M3: extracting mirror; BMs: banding magnets; ME: mode envelope.
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Let short electron bunches enter the resonator in the time interval Tb = Tw/m, where Tw = 2d/c
is the period of the stored wave packet oscillations between the mirrors M1 and M2, m = 1, 2, 3... is
integer 8. In this case the train of the electron bunches will excite many longitudinal modes in the
resonator such a way that the total wavepacket of the length Kλ1 will be installed after the time
interval QTw, where λ1 is the wavelength of the emitted undulator radiation, Q is the quality of the
resonator, K is the number of the undulator periods. Each next emitted wave packet will overlap the
previous ones.
The quality of the resonator Q is defined by the condition Q−1 = Tw(d ln ε
em/dt), where εem =
(c/4π)
∫ | ~E|2dSdt is the energy of the electromagnetic bunch stored in the resonator at equilibrium,
dεem/dt is the rate of the electromagnetic energy loss in the resonator, dS = 2πrdr is the element of
the area of the stored wavepacket. Approximately Q−1 ≃ Q−1abs+Q−1diff , where Qabs ≃ 1/(1−RM1RM2)
is the value defined by absorption in mirrors, RM1, RM2 are the reflection coefficients of the mirrors,
Qdiff is the quality of the resonator defined by diffraction losses of the resonator. Optimum regime
of the resonator excitation and extraction of the stored radiation corresponds to the case Qabs =
Qdiff , Q = Qabs/2 when diffraction losses are defined mainly by the radiation extracted through the
resonator hole or through the mirror M3.
7Deflecting parameter of the undulator is the product of rootmeansquare of the banding angle α and γ. Approximately
p⊥ ≃ αmγ, where αm is the maximum deflecting angle of the electron in the undulator.
8The scheme can work both on harmonic and on subharmonic of the bunching frequency or in general case under
condition nTb = mTw, where m,n are integer.
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At equilibrium the energy losses per one period and per one bunch of the radiation stored in
the resonator Twdε
em/dt = εem/Q is equal to the energy ∆εb which is transformed by the electron
bunch to the wavepacket. In the case of the point-like electron bunch of zero emittance, the value
∆εb = eNb
∫
~E~vdt where Nb is the number of the electrons in a bunch. At resonance the value∫
~E~vdt = E⊥v⊥Kλu/c = E⊥β⊥Kλu, where symbols ⊥ are related to the transverse components of
the corresponding vectors. In this case the electrons phases (angles between ~E⊥ and ~v⊥) are zero
(directions of the electron velocity ~v⊥ and ~E⊥ coincide) and that is why the maximum deceleration of
the electron bunches takes place.
For the pointlike electron bunches the vector of the electric field strength of the electromagnetic
bunch stored in the resonator can be presented in the form
~E(t) = Re{~eE⊥f(t− tw)e−r2/σ2γe−iω1(t−tw)} (13)
where ~e = ~ex − i~ez, vectors ~ex, ~ez are the unite vectors along axis x, z, r2 = x2 + z2,
E⊥ =
16πeNbQγ
lRλ1
p⊥
1 + p2⊥
, f(t− tw) =
{
1, 0 ≤ t− tw ≤ T ,
0, t− tw < 0, t− tw > T,
t is the current time, tw is the moment of the arrival of the wavepacket to the coordinate y under
consideration, T is the duration of the emitted wave, Re x is the real part of the number x. Usually
the undulator has the whole number of the periods K. In this case T = KT1, where T1 = λ1(0)/c
is the period of the wave emitted at the angle θ = ϑ = 0. The value E⊥ can be defined from the
conditions of equilibrium: εem/Q = eNbE⊥β⊥Kλu.
The energy ∆εout = εem/Q and the number of the photons ∆Noutγ = ∆ε
out/h¯ω per one extracted
wavepacket are equal
∆εout =
16πe2QN2b
λ1
Kλu
lR
p2⊥
1 + p2⊥
, ∆Noutγ = 8αQN
2
b
Kλu
lR
p2⊥
1 + p2⊥
, (14)
where α = e2/h¯c ≃ 1/137 is the fine structure constant.
The pulsed power P out = ∆εout/Tb extracted from the resonator according to (14) can be presented
in the form
P out = 8πme2c
QN2bKλu
λ1lRd
p2⊥
1 + p2⊥
(15)
or P out[W ] = 8.64 · 10−15mQN2b (Kλu/d)λ−11 [cm]l−1R [cm] p2⊥/(1 + p2⊥).
It follows from (14),(15) that the number of the emitted photons and the total power are propor-
tional to the quality of the resonator and undulator length but not to the number of the undulator
periods. The value Kλu < d and lR ≃ d. It means that for the case of the long wavelength broadband
sources of the electromagnetic radiation based on the relativistic electron beams (when we are forced
to choose p⊥ ≫ 1 even in the case of λu ≃ d) there is no necessity to increase the number of the
undulator periods by shorting period and increasing the deflecting parameter. In this case we ought
to choose K ≃ 1÷ 2,Kλu ≃ d.
When the electron bunches have the length comparable or large then the emitted wavelength
or when the bunches have high energy and angular spreads (large emittances) then the coherence
factor F coh and the square of the coherence factor will appear in the equations (13) - (15) (see
Appendix 1). This factor can be derived in the following way. According to Parseval’s theorem∫∞
−∞ f
2(t)dt =
∫∞
0 |fω|2dω/π. That is why the energy of the wavepacket in the resonator can be
presented in the form εem = (c/4π2)
∫∞
0 | ~Eω|2dSdω. For the point-like bunch the Fourrier’s component
~Eω is the known value. We have calculated the value ε
em through the vector ~E(t) and determined
the necessary parameters of the emitted radiation (13)-(15) for this case. In the case of the extended
electron beam the value ~Eω = ~Eω1iω/e, where iω is the Fourrie’s transform of the bunch current (see
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Appendix 1) and ~Eω1 is the Fourrie’s transform of the electric field strength of the radiation emitted by
one arbitrary electron of the beam [12]. That is why in this case the emitted power will be determined
by the expression
P out = 8πme2c
QN2b (F
coh)2Kλu
λ1lRd
p2⊥
1 + p2⊥
(16)
where (F coh)2 = (2π/e)2
∫∞
0 | ~Eω1iω|2dω/N2b
∫ | ~Eω1|2dω (the vector ~Eω1 can be substituted by a more
simple vector ~ψω1 (see Appendix 1)). In the case of the point-like electron bunches the values 2πiω/e =
Nb, F
coh = F cohmax = 1.
Example. Let be Q = 10, Nb = 10
7, m = 14, K = 1, λu = 50 cm, lR = d = 70 cm, γ = 80, λ = 1
mm, F coh = 1. In this case according to (15): p⊥ ≃ 5, Bm = 1070 Gs, P out = 25 W.
5 Transition radiation sources.
5.1 Introduction to the theory of the transition radiation.
The transition radiation appear when an electron or other charged particle pass through (cross) a
boundary between two media with different indexes of refraction. The shape and dimensions of the
boundary can be arbitrary. A plane metal mirror in vacuum is one of the examples of such boundary
(see Fig.4). The transition radiation in the real mirrors is emitted from a small (∼ 10−5 cm) regions in
the form of semi-sphere layers of the same thickness originated from the points of the electron entrance
in and exit from the mirror.
The image method of calculation of the transition radiation can be used when the mirror have
infinite dimensions and conductivity. In this case the transition radiation of the falling electron is
equivalent to the strange radiation emitted by the electron and positron which moved from infinity
in the opposite directions with equal velocities and stopped at the boundary of the mirror. The
transition radiation of the electron emerging from the mirror corresponds to the instantaneous start
of the electron and it’s image at the mirror surface 9. In this case the spectral-angular distribution of
the emitted radiation will be determined by the eq-s (4),(6) for the case β1 = 0 and for opposite signs
of the charges and directions of the electron and it’s image velocities
∂2ε
∂ω∂o
=
e2β2
π2c
sin2 θ
(1− β2 cos2 θ)2 |θ≪1 =
e2γ2
π2c
ϑ2
(1 + ϑ2)2
, (17)
where 0 ≤ θ ≤ π/2 is the angle between the direction of the electron velocity and the direction from
the electron’s start point to the observation point.
The spectral-angular distribution of the emitted radiation gathered over the azimuth angle is
∂2ε
∂ω∂θ
=
2e2β2
πc
sin3 θ
(1− β2 cos2 θ)2 |θ≪1 ≃
2e2β2
πc
γϑ3
(1 + ϑ2)2
(18)
where ϑ = γθ. It follows from (18) that the emitted radiation is distributed in a broad range of angles
up to the angle θ = π/2. A broad peak exists at the angle θ =
√
3/γ.
The spectral distribution of the radiation emitted over the range of the angles θ1, θ2 is
∂ε
∂ω
(θ1, θ2) =
e2
πc
[
1 + β2
2β
ln
(1− β cos θ2)(1 + β cos θ1)
(1 + β cos θ2)(1 − β cos θ1) −
1
γ2
(
cos θ1
1− β2 cos2 θ1 −
cos θ2
1− β2 cos2 θ2 )]. (19)
9Notice that both the angular dependence and the direction (sign) of the electric field strength of the emitted wave
are the same for the cases of the electron start and finish at the mirror surface.
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In particular the spectral distribution of the transition radiation emitted in the range of the angles
θ1 ≤ θ ≤ π/2 and the spectral distribution of the total radiation emitted in the range of angles
0 ≤ θ ≤ π/2 are
∂ε
∂ω
(θ1, θ2)|θ2=pi/2 =
e2
πc
[
1 + β2
2β
ln
(1 + β cos θ1)
(1− β cos θ1) −
1
γ2
(
cos θ1
1− β2 cos2 θ1 )], (20)
∂ε
∂ω
=
e2
πc
[
1 + β2
β
ln(1 + β)γ − 1]|γ≫1 ≃ 2e
2
πc
[ln 2γ − 1]. (21)
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Fig.4:The scheme of the transition radiation of the electron passing through a plain mirror;
~Ecis the Coulomb electric field strength lines of the electron; arrows near vectors ~Er show the
directions of the electric field strength lines of the radiation propagating in the spherical layer.
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It follows from the equations (19)-(21) that total radiation increases slowly with the relativistic factor
γ (∼ ln γ). A marked part of the emitted radiation is emitted outside of the peak θ > √3/γ. The
energy of the transition radiation in the region γ ≫ 1/θ1 does not depend on γ.
Uniformly moving particle does not emit radiation. But such particle in ultrarelativistic case
produce electric and magnetic fields, which have mainly transverse components of electric and magnetic
fields (lines of force are compressed in the transverse direction). This fields obviously will interact
with matter the same way as the real wavepackets of the electromagnetic waves of the same time
dependence of the electric and magnetic fields at the observation point. One speaks that the Coulomb
fields of particles present the virtual photons (quanta). Virtual photons can be considered as real
photons moving parallel to the electron velocity. They can excite or ionize atoms and molecules or
can be reflected from the mirror when electron pass by the mirror.
If the relativistic electron hit the mirror of finite dimensions and is stopped in it then in the first
approximation the virtual photons which are outside the mirror dimensions will be emitted in the
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direction of the initial electron velocity and the other virtual photons will be reflected from the mirror
in the opposite direction. The properties of the virtual photons are presented in the Appendix 2.
If the electron pass through the mirror of finite dimensions far from the edge of the mirror then
the interference of the transition radiation emitted from the both sides of the mirror and diffraction
radiation will occur at the observation point. This interference can be essential in the long wavelength
region. The total energy of the transition radiation weekly depend on the form and dimensions of the
mirror and depends mainly on the energy of the emerged spherical layers. The form of the mirror
have influence on the distribution of the transition radiation. For example, the transition radiation
will be focused by the concave mirror [13].
Notice that the expression (17) was calculated by using the image method. In this case the problem
was solved exactly. At the same time we can consider this problem in the framework of virtual photons
[2]. In this case we can say that the relativistic electron brings the compressed in the longitudinal
direction electromagnetic field in the form of a wavepacket and this field will be reflected from the
mirror after the electron will disappear in it. This is the approximate method [2]. That is why the
expressions (21) and (37) are slightly differ. Moreover the transition radiation originate from one
point of the mirror surface and propagate in the form of thin spherical layer with sharp boundaries
(in the case of the mirror with the infinite conductivity the thickness of the layer will be zero) as we
discussed above using exact image method. The solution obtained by the approximate method of the
virtual photons in any case lead to the plane (not spherical) reflected wavepackets of finite thickness
which at the mirror surface have the electric field strengths with time dependence of the form which
repeat the form of the Coulomb fields of the electron.
As we mentioned the transition radiation problem is equivalent to the instantaneous finish at
(instantaneous start from) the point of input (output) of the particle and its image on the mirror
surface. For the ideal mirror the emitted radiation is the strange radiation and for the real mirror is
the conventionally strange radiation (after strange wavepacket a week but long wavepacket of opposite
polarity with the same strange parameter appear) because in the last case the waves will be emitted
by electrons of the mirror but this electrons will be at rest both before and after transition of the
projectile particle the mirror (real mirrors have finite conductivity) [3], [4], [12]. Notice that the finite
dimensions and conductivity of the mirror will lead to decreasing of the long wavelength and short
wavelength radiation accordingly.
5.2 The transition radiation of particles crossing a series of two developed at the
angle 45o mirrors.
In the Fig.5 a scheme of the transition radiation source based on the system of two developed at the
angle 45o mirrors is presented [14], [15]. The particle come out of the mirror M1 at the point A
with the velocity v moves along the axis y and strike the mirror M2 at the point O. At the point
of observation D the radiation will be received directly both from the point A and from the point
O. There are many other ways for the propagation of the radiation emitted in the points A and O
which lead to the observation point D after many reflections between mirrors M1 and M2. Further
we will consider the case when the distances RAD, ROD between the observation point D and mirror’s
points A, O is of the order of the distance RAO between points A and O. In this case we will neglect
the radiation emitted in the point A and propagated to the point D under the sharp angle. We will
neglect the radiation emitted in the points A and O and reflected by mirrors M1 and M2 when this
radiation propagate to the point D at sharp angles as well. We will select only the radiation which
propagate to the observation point D along the axis x and at small angles to this axis.
Using the image method we can say that at the observation point D the next wavepackets of such
kind will be received. The first wavepacket will be presented by the radiation emitted from the point
A
′
by the image −e and the image of the image e (this is the transition radiation emitted in the point
A and reflected by the mirror M2). The second one will be presented by the radiation emitted from
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the point O by the stopped charge e moved in the y direction and its image −e moved in the direction
x (this is the transition radiation emitted in the point O). The third one will be presented by the
radiation emitted from the point O
′′
placed on the axis x at the distance OO
′′
= 2OA
′
where the
images of the images will be stopped when the charge will strike the mirror M2 (this is the transition
radiation emitted by charge in the point O in the direction opposite to it’s velocity and reflected
successively by the mirrors M1 and M2).
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Fig.5: A transition radiation scheme based on two turned at the angle 45o mirrors. Electron
goes along the axis y and pass through mirrors M1 and M2 at points A and O. Points
A
′
, A
′′
, A
′′′
... and O
′
, O
′′
... are the images and images of images of the points A and O.
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If we mark the unit vectors along the axis y and x through ~ey and ~ex accordingly then the velocity
vectors of charge, it’s image and the image of the image will be cβ~ey, cβ~ex and −cβ~ex respectively.
Using this notations we can present the Fourrier’s component (5) in the form
~Eω =
∑
i
~Eω1ie
iωt1i , (22)
where subscriptions i mean the emission points A
′
, O, O
′′
and the moments t1i mean the moments
when the radiation emitted at these points come to the observation point D, ~Eω1i = (1/2π)~Ii,
~I1 =
e
cRA‘D
[~n[~n(
β~ex
1− β cos θA‘x
+
β~ex
1 + β cos θA‘x
)]],
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~I2 = − e
cROD
[~n[~n(
β~ex
1− β cos θOx +
β~ey
1 + β cos θOy
)]],
~I3 = − e
cRO“D
[~n[~n(
β~ex
1 + β cos θO“x
− β~ex
1− β cos θO“y
)]],
RA′D, ROD, RO′′D are the distances between points A
′
, O,O
′′
and the observation point, cos θA′x
= ~nA~ex cos θOx = ~nO~ex, cos θO′′x = ~n
′′
O~ex, cos θOy = ~nO~ey, cos θO′′y = ~nO′′~ey, ~ni are the unit vectors
directed from the point i to the observation point.
It follows from (22) that at the distances between the emission points A and O of the order of the
distance between the point O and the observation point D or higher (RAO ≥ ROD) the density and
spectrum of the radiation accepted by the observer will be determined in the main by the radiation
emitted at the point O. In this geometry the long wavelength radiation at the observation point will
be presented in the highest degree. The using of the concave mirror at this position will permit to
select the radiation in points A and O and to keep the long wavelength radiation at high level. Such
conditions probably took place in the experiments [15].
At large distances ROD ≫ RAO the emitted radiation will be determined by the first terms of the
vectors ~I1 and ~I2 and the time difference between the arriving moments to the observation point of
the wavepackets of the transition radiation emitted on the mirrors M1 and M2 at the points A and
O will be equal to t12 − t11 = RAO(1 − β cos θ)/βc ≃ (RAO/2γ2c)(1 + ϑ2). In this case according to
(4), (22) the spectral-angular distribution of the transition radiation
∂2ε
∂ω∂o
=
e2β2
π2c
sin2 θ sin2[ω/ωc(θ)]
(1− β cos θ)2 |γ≫1, θ≪1 ≃
4e2γ2
π2c
ϑ2 sin2[(ω/ωco)(1 + ϑ
2)]
(1 + ϑ2)2
, (23)
where ωc(θ) = 2πcβ/RAO(1− β cos θ)|γ≫1, θ≪1 ≃ ωco/(1 + ϑ2), ωco = 4πcγ2/RAO.
The multiple sin2[ω/ωc(θ)] in (23) appeared as the result of the interference of two strange waves
with opposite strange parameters (the wave of the transition radiation emitted at the point A change
the direction of the electric field strength after the reflection from the mirror M2). The interference
does not change the total energy of the radiation emitted in the given direction (and over all directions
as well) since the integration of (23) over ω from 0 to ω ≫ ωco will lead to double value of (17)
(< sin2[ω/ωc(θ)] >= 1/2. The interference only redistribute the emitted energy over the spectrum.
In this case and usually in many other cases when a system of similar mirrors placed in series and
developed at large angles is used such redistribution lead to the exhaustion of the emitted radiation in
the long wavelength region and the problem arises to select the emitted wavepackets by lenses, holes
and so on in order to destroy the interference of the wavepackets of the opposite polarity at large
distances [3], [4].
The spectral distribution of the transition radiation gathered over the azimuth angle and in the
range of angles 0 ≤ θ ≤ θ2 is
∂2ε
∂ω∂θ
=
4e2
πc
∫ ω(1+ϑ2
2
)/ωco
ω/ωco
(x− ω
ωco
)
sin2 x
x2
dx, (24)
where x = (ω/ωco)(1 + ϑ
2) = RAO(1 + ϑ
2)/2λγ2.
In the long wavelength region λ ≫ RAO(1 + ϑ2)/2γ2|ϑ≫1 = RAOθ2/2 and at small angles θ ≪ 1
(x≪ 1)
∂ε
∂ω
=
2e2
πc
(
ω
ωco
)2ϑ42. (25)
It follows from (23)-(25) that at large distances to the observation point the emitted radiation in
the long wavelength region will be suppressed the less the higher angles ϑ of the emitted radiation.
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The efficiency of the long wavelength schemes based on the extraction of the transition radiation in
the neighboring mirrors will be searched at the next part of the paper like the schemes based on the
separation of the wavepackets of the transition radiation.
5.3 Transition radiation of particles passing through a system of mirrors.
In the Fig.6 a system of two parallel circular mirrors arranged along the axis z is presented.
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Fig.6: The scheme of the transition radiation of the electron passing through the system of two
mirrors for the case of R = 2a. Points 11 and 21 are the emission points of the transition
radiation. Points 1i and 2i (i 6= 1) are the images of the emission points. The figures 1′n
and 2
′
n
(n = 1,2,3, ... ) mark the corresponding portions of the emitted wavepackets.
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The electron pass trough mirrors in the direction of the axis z. In this case two originating
from points 11 and 21 thin spherical wavepackets diverge between mirrors and go out by portions.
First portion of the spherical wavepacket emerged from the point 1 go out in the upper direction
without reflection from the mirror M2 and propagates inside the range of angles (0, arctg (a/R)),
where a is the gap between the mirrors and R is the radius of the mirrors. Second portion is reflected
from the mirror M2 and go out in the lower direction and propagate inside the range of angles
(−arctg (a/R),−arctg (2a/R)). The third portion is reflected from the mirrors M2 and M1, go out
in the upper direction and propagates inside the range of angles (arctg (2a/R), arctg (3a/R)). This
process is continued to infinity. The directions of the electric field strengths are changed after reflections
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from the mirrors. Propagation of the radiation emitted in the point 2 can be considered by analogy.
We can see that at large distances the emitted wavepackets will not be overlapped. The vector
of the electric field strength of the radiation emitted by electron will be directed backward to the
hour-hand in the upper right part of the Fig.6 and in the opposite direction in the lower right one.
All emitted transition radiation (twice of the value (21)) will be extracted from the inner part of the
system of mirrors (if we neglect the absorption of this radiation in the mirrors). The spectral-angular
distribution of the emitted radiation can be described by the expressions (17)-(21) because of the
interference between the extracted portions of radiation is absent. This conclusion will be valid for
the wavelengths λ≪ 2a.
In the Fig.7 a system of M = 8 circular parallel mirrors arranged along the axis z on equal
distances and a conic mirror are presented. In this case all gaps between mirrors will emit the
identical wavepackets. If the distance from the system to the observation point is higher then the
length of the system then the time dependence of the electric field strength ~En(t) of the wavepack-
ets emitted from the gap ”n” will differ from the first one only by the time delay: ~En(t) = ~E1[t +
(n − 1)∆t], where ∆t = λu(1 − β cos θ)/βc, λu is the distance between mirrors, θ is the angle be-
tween the axis z and the direction to the observation point. The Fourrier’s transforms of the vector
~En(t) and the total vector ~E(t) =
∑M
n=1
~En(t) will have the form ~Eωn = ~Eω1 exp[iω(n − 1)∆t] and
Eω1[(sinMω∆t/2)/(sinω∆t/2)] exp[iω(M − 1)∆t/2] respectively.
The spectral-angular distribution of the energy emitted in the system of mirrors can be presented
in the form
∂2ε
∂ω∂o
=
∂2ε1
∂ω∂o
sin2(πMω/ω1)
sin2(πω/ω1
, (26)
where ∂2ε1/∂ω∂o is the spectral-angular distribution of the energy emitted by one gap (consider with
(17)), ω1 = 2π/∆t = 2πβc/λu(1− β cos θ).
It follows from (26) that at large distances the spectral-angular distribution of the transition
radiation emitted from the system of 2M mirrors have a line spectrum on the frequencies
ωk =
kω1
1− β cos θ . (27)
where k = 1, 2, 3... is the integer. The width of the lines ∆ω/ωk ≃ 1/kM . The envelope of the line
spectrum is determined by the spectral-angular distribution of the transition radiation (17) emitted
from the surface of one mirror. At given direction the spectral-angular and spectral distributions of
the emitted energy are increased with the number of mirrors by the low M2 and M respectively.
Notice that the energy produced by a particle in the system of mirrors is a maximum energy
permitted for the transition radiation. It corresponds to the case when the particle fall on the every
mirror of the system as if it was coming from the infinity. In this case all virtual photons (see (17)-(21),
Appendix 2) will be reflected from the both sides of the mirrors (in the region of frequencies where
the mirrors reflection coefficient is high). The mirrors in this case can be done from thin (∼ 10µm)
Aluminum foil transparent for the electron beam.
The broadband radiation is possible in a similar system if we will use the system of mirrors arranged
at different (irregular) distances.
The transition radiation sources considered above can be based on the linear accelerators.
In the case of Smith-Purcell radiation the relativistic particle is moving along a row of mirrors at
some distance a from them. In this case only small part of Coulomb fields of the particle (virtual
photons) will enter the gap between mirrors (to the length ≤ λu) and will be converted in the real
photons. The energy of the Smith-Purcell radiation of one particle will be much less then the energy
of the transition radiation shown in the Fig.7. The electron beam in this case will not be disturbed by
the mirrors and hence such system in principle can be installed in the straight section of the storage
ring. A system of mirrors with hole of radius a arranged in the form of Fig.7 can be used as well.
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Fig.7: The scheme of the transition radiation of the electrons passing through the system
of 8 plane mirrors M1−M8. The emitted radiation is gathered by a conic mirror M conic
We have investigated the case of the particle radiation in a system of plane parallel circular mirrors.
Another systems can be used. For example a system of the rectangular waveguides closed from one side
and opened from another side will permit to make more compact source of radiation. The electron
beam will penetrate these waveguides in turn in the direction perpendicular to theirs walls. The
radiation from the opened sides of the waveguides can be gathered by a long plane mirror. Another
example can be a system of pairs of small plane mirrors turned at the angle 45o like in Fig.5 with
separation lenses and a long plane mirror to gather the emitted radiation.
5.4 Stimulated transition radiation.
If the system of two parallel circular mirrors shown on the Fig.6 will be closed by a cylinder mirror
then the transition radiation emitted on the mirrors M1 and M2 will be reflected by the cylinder
mirror and will be returned to the central region of the system with the longitudinal component of the
electric field strength. Closed cylindrical cavity (resonator) will be formed. Such cavity can be exited
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by a train of bunches to high value electric field strength and high power can be extracted from this
cavity through a special hole or semitransparent window.
Usually at the center of such cavity a hole is produced for the electron beam. The quality of the
cavity with a hole is high for the wavelengths much higher then the diameter of the hole. A system of
such cavities in the form of the iris-loaded waveguide is used as well.
In closed resonators the infinitely high amount of the longitudinal modes exist. They can be exited
by the electron beam with high efficiency if the electron bunches of the beam will enter the resonator
in the decelerating phases and if the wavelengths of these modes of the order of the electron bunch
length and higher. Such resonator systems will emit electromagnetic radiation with line spectrum.
6 The long wavelength sources based on the storage rings.
In the Fig.8 a principle scheme of an electromagnetic source based on a storage ring is presented.
The storage ring includes 4 banding magnets and straight sections. Modern storage rings have more
complicated magnetic structure and can include many banding magnets quadrupole lenses and another
control systems.
✬
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Fig.8: The scheme of the long wavelength source based on a storage ring.
BM are the banding magnets, SS are the straight sections of the
storage ring. A is the observation point.
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In all storage rings the main part of the energy is emitted from the banding magnets in the form
of synchrotron radiation propagates in a small vertical range of the angles and in near 2π horizontal
range of angles. Only in a small (∼ 10/γ) horizontal range of angles near the direction of the axis of the
straight section the emitted radiation will have the properties which are differ from the properties of
the synchrotron radiation [4]. Insertion devices can be installed in the straight sections of the storage
rings to increase the intensity to shift the hardness to change the shape of the spectrum and to tune
the polarization of the emitted radiation. Usually such devices are the undulators of different types
[16], [17] or different banding magnets creating some desirable shapes of the magnetic field along the
axes of the straight sections of the storage rings [4].
The spectral-angular density of the energy of the long wavelength synchrotron radiation λ > λc
emitted from the bending magnet of the radius ρ in the range of angles ϑ ≪ ϑc can be presented in
the form [2]
∂2ε
∂ω∂o
=
3e2γ2Γ2(23)
22/3π2c
(
ω
ωc
)2/3[1 +
Γ2(13 )
22/3Γ2(23 )
ϑ2(
ω
ωc
)2/3], (28)
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where ωc = 3ω0γ
3, ω0 = c/ρ = eBm/mcγ, ϑc = (ωc/ω)
1/3, Γ(13 ) ≃ 2.68, Γ(23) ≃ 1.35. Inside the range
of angles θ ≤ ϑc/γ the main part of the energy of the synchrotron radiation will be emitted.
It follows from the equation (28) that the spectral-angular density of the synchrotron radiation
increases with the energy of particles (∼ γ2) and with the increasing of the banding radius ρ or the
same with the decreasing of the value of the magnetic field.
In the case of limited particle trajectories with straight sections which takes place in the storage
rings the spectrum of radiation emitted in the directions near to the direction of the axis of a straight
section (under the angles ∼ 1/γ to this direction) is shifted in the long wavelength region. The value
of this shift can be increased at low frequencies by using optical lenses, concave mirrors and other
elements to select light emitted from the end part of the electron trajectory in the banding magnet
[3], [4]. Preliminary experiments confirmed the possibility of such selection of the radiation emitted
by electrons in the fringed fields of the synchrotrons and storage rings [18]
The spectral-angular density of the energy of the long wavelength (λ > d/2γ2 electromagnetic
radiation emitted in the direction near to the direction of the straight section of the storage ring
without using of the selective elements can be presented in the form
∂2ε
∂ω∂o
=
4e2γ2
π2c
ϑ2
(1 + ϑ2)2
sin2
ω
ωl
, (29)
where ωl = 4γ
2c/l(1+ϑ2), l is the length of the straight section of the storage ring, d is the gap of the
banding magnet of the storage ring [4]. This value does not depend on the magnetic field strength. It
has a maximum at the wavelengths λ = 2l/nγ2, and at the angle ϑ = 1, where n = 1, 2, 3... is the
integer.
The spectral-angular density of the energy of the electromagnetic radiation emitted in these di-
rections at the wavelengths λ ∼ λl can be increased if three banding magnets will be installed in the
straight section of the storage ring. First and third banding magnets must have half of the optimal
magnetic fields (11) and second banding magnet must have the optimal magnetic field of the opposite
polarity. Linear polarized radiation will be emitted from such system. Three bending magnets of such
configuration does not disturb the electron orbits in the storage ring at arbitrary magnetic fields when
the ratio 1/2 is fulfilled. The increasing of the value of the magnetic field strengths in such system
to the values much higher then optimal will lead to the case of enhanced synchrotron radiation if the
value of the magnetic field strengths in the magnets will be less then the value of the magnetic field
strength in the bending magnets of the storage ring [19], [20], [21].
The circular polarized long wavelength radiation in such geometry can be realized when two triplet
systems of such kind will be used. The direction of the magnetic field of the second triplet must be
perpendicular to the direction of the first one and the second triplet must be shifted on the distance
of a half distance between the first and second magnets of the first triplet [4].
Example. The storage ring of the Tohoku University will have the energy of 1.5 GeV, the magnetic
field strength in the banding magnets 1.25 ·104 Gs, the natural bunch length 4.3mm, emittance ǫ ∼ 7.3
nm-rad, momentum spread 6.6 ·10−4, circumference C = 187 m, 12 dispersion-free straight sections of
5 m long and 2 straight sections of 12 m long, betatron tunes νx = 12.2 and νz = 3.15. The transverse
beam dimensions evaluated by the expression σx,z =
√
Cǫ/2πνx,z are equal: σx = 2.6 · 10−2 mm,
σz = 1.3 · 10−2 mm.
In this case the maximum of the long wavelength radiation will be emitted at the angle ϑ = 1 to
the axis of the long straight section: λl ∼ 1.3 · 10−3 mm.
22
7 On the choice of the scheme of the long wavelength broadband
source of coherent radiation
The problem of the choice of the optimal scheme of the electromagnetic radiation source based on the
electron beams is determined by the real conditions. If you need some source and have no accelerator
then you will have one solution. If you need the same source and have one ore more accelerators then
you can choose another decision of the problem.
The accelerator is the most expensive and large part of the sources. If you have accelerator then
you will try to adapt it to the solution of the source problem. Your existing accelerators probably were
used and are used now in other fields of science or technology. Their parameters like electron beam
energy, current, transverse and longitudinal dimensions, angular and energy spreads (emittances) can
be far from optimal ones for the solution of your problem. Nevertheless the non-optimal solution with
non-brelliant parameters can suit you.
At present the optimal solution of the problem of the electromagnetic radiation sources based
on electron (or probably ion) beams is well known. It depends on the wavelength region, power,
monochromaticity, directivity and so on.
If you need high power, high brightness source of the quasi-monochromatic optical to hard X-Ray
(soft γ−Ray) regions then you ought to use the undulator radiation sources based on the storage rings
[11], [23]. If you need high average intensity source of continuous hard quasi-monochromatic γ−Rays
with tuned polarization then you ought to use the backward Compton scattering source based on a
laser and on a storage ring. Backward Rayleigh scattering source can be used in future when the
storage rings with relativistic ions (like LHC, RHIC) will appear [24].
If you need high power monochromatic source of coherent radiation in mm-to vacuum ultraviolet
regions you ought to use prebunched or ordinary (with self-bunching) free-electron lasers based on
storage rings and linear accelerators.
The spontaneous incoherent undulator radiation sources and free-electron lasers use undulators.
Undulators are the devices which force the particles to move along the periodical trajectory (sine, helix
and so on). The properties of the radiation are determined by the trajectory. The same trajectories can
be produced by different undulators. For example electrons are moving along the helical trajectories
in homogeneous magnetic field, in helical undulator, in the field of the electromagnetic wave and
so on. Crystals can be considered as a natural undulators. Undulators based on the magnets and
electromagnetic waves of lasers does not disturb the electron beam and are used in the sources in
mm-to γ−ray regions.
If you need the broadband source of the optical to X-Ray regions then you can use the synchrotron
radiation [25] source or the undulator radiation source based on the undulator forming the magnetic
field by a definite low [16] or the system of magnets with alternating polarity irregular arranged along
some axis. Usually the intensity of the spontaneous incoherent radiation of such sources is enough for
users.
If you need the broadband or the quasi-monochromatic source of the γ−ray regions then you
can use the breamsstrahlung radiation produced by the electron beams in the amorphous media and
coherent breamsstrahlung or channeling radiation in crystals.
The intensity of the broadband sources is decreased with the increasing of the emitted wavelength.
The problem of the long wavelength high intensity broadband sources appear. This problem is ag-
gravated by the condition of the broadband sources which means that you can not use the coherent
radiation of the microbunches arranged on short distances. The distance between microbunches must
be much larger then the length of the wavepackets emitted by one microbunch in the magnet sys-
tem because the overlapping of the broadband wavepackets can lead to the decreasing of the emitted
energy (in the case of the undulator radiation sources the distance between microbunches can be λ
that is K times shorter, then the length of the wavepackets, electric field strength of the wavepackets
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overlapped in phase can be K times higher and the intensity K2 times higher). The using of the
periodical train of the electron bunches will lead to the line structure of the emitted spectra (see (7)).
Only the coherent radiation of the individual arranged at large distances bunches is possible in this
case. Some schemes of such kind were considered in this paper. Non periodical train of the electron
bunches can permit to decrease the average distance between electron bunches and this way to help
to push forward the problem under the consideration.
The ability of some schemes of the particle radiation in external fields and in media are presented in
the Appendix 3. We can see that the most efficient schemes of the broadband particle radiation sources
in mm-to soft IR region could be sources based on Cherenkov radiation in the transparent media and
on the transition radiation system based on a system of parallel mirrors (Fig.7). Unfortunately the
transparent media will be ionized and destroyed by the electron beam and the electron beam in turn
will be disturbed by scattering process in media. That is why the Cherenkov radiation schemes are not
used in the sources under consideration. The transition radiation sources using thin metal foils can be
based on linear accelerators. Using the transparent media and mirrors with holes does not solve this
problem as sources based on such systems permit generate effectively the electromagnetic radiation
on the wavelengths of the order of the aperture of such holes and longer. The spectral intensity of the
radiation emitted at a given frequency in this case does not depend on the electron energy and only
lead to the extension of the bandwidth of the emitted radiation. The most efficient scheme of the long
wavelength and broadband source of coherent radiation apparently is the scheme of the prebunched
free-electron laser based on an undulator and on an opened resonator.
8 Conclusion.
Different schemes of the broadband sources of coherent radiation in the millimeter and shorter wave-
length regions based on bunched particle beams were considered in this paper. The most efficient
scheme of such source is apparently the prebunched free-electron laser based on an undulator and on
an opened resonator.
In order to produce the long wavelength radiation in these regions on high energy accelerators (∼
100 MeV) the long period undulators with high deflecting parameters can be used. In order to generate
the broadband radiation it is necessary to use two or several banding magnets of the alternating
polarity with high deflecting parameters and placed on different distances one after another (to break
the periodicity).
Notice that the prebunched free-electron lasers based on undulators or similar systems and opened
resonators have an important feature. The emitted energy in such lasers is extracted from a hole of
small diameter (much smaller then the mirror diameter). It will lead to the increased brightness of
such sources.
The authors thanks Professor M.Ikezawa for the formulation of the problem of the powerful long
wavelength sources of the continuous broadband radiation and for helpful discussions.
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9 Appendix 1.
When the angular and energy spreads of the electron beam are small
∆ε
ε
≪ 1
K
, ∆θ ≪ 1
γK
(30)
and when the influence of the electromagnetic field of the wavepackets on the electron trajectories is
small then all electron trajectories of the beam will be similar. In this case the wavepackets emitted
by each electron will be similar as well and will be scattered in time. They will be described by the
expression ~Ei(t− ti) of the form (13) if we accept Nb = 1 and remark tw on ti, where i is the electron
number. Then the total field strength of the stored wavepacket will be equal
~E(t) =
∫ t
t1
N˙γ(ti) ~E(t− ti)dti, (31)
where N˙γ = dNγ/dt is the flux of the electron wavepackets trough the point of observation at the
moment ti, and t1 is the moment of arrival of the first wavepacket at the point of observation. The
value N˙γ(ti) = N˙e(ti) = i(ti)
‘/e, i(t) is the beam current, t‘i = ti − (y − yo)/c is the moment of the
electron entering the undulator in position yo.
The Fourrier’s transform of this equation is
~Eω = 2π ~Eω1N˙eω = 2π ~Eω1iω/e, (32)
where ~Eω1 relates to the first particle of the bunch and the moment ti|i=1 = 0.
To derive the equation (32) we used the expression
1
2π
∫ +∞
−∞
~E(t− ti)exp(iωt)dt = ~Eω1 expiωti ,
In the case of the extended electron bunches the spectrum will be determined by the product of
the spectral function of the radiation emitted by the ”pointlike bunch” consisting on one electron and
the spectral function 2πiω/e ≤ Nb of the bunch current i(t)
The Fourrier’s component of the electric field strength of the wave emitted by point-like charge
(13) is
~Eω = ~E⊥e
−r2/σ2γ ~ψωe
iωtw , (33)
where ~ψω = ~eψω−ω1 + ~e
∗ψω+ω1 , ~e
∗ = ~ex + i~ez, τ = t− tw,
ψω±ω1 =
1
2π
∫ T
0
f(τ)eiωτdτ =
T
2π
sin (ω±ω1)T2
(ω±ω1)T
2
ei(ω±ω1)T/2.
When the undulator have the whole number of the periods K then T = KT1 and fω±ω1 =
ω−11 (sinKσ1±/σ1±) exp(iKσ1±), σ1± = π(ω ± ω1)/ω1.
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10 Appendix 2.
The spectrum of virtual quanta (energy per unit area ∂S per unit frequency interval ∂ω) for the
ultrarelativistic electrons given by [2]
dI
dω
=
∂2εeq
∂ω∂S
=
e2
π2cβ2b2
(
ωb
vγ
)2[K21 (
ωb
vγ
) +
1
γ
K20 (
ωb
vγ
)], (34)
where b is the impact parameter (in our case the distance from an electron trajectory to the given point
on the surface of the mirror), β = v/c, v is the particle velocity, γ = ε/mc2 is the relativistic factor,
ω = 2πc/λ, λ is the wavelength of the emitted radiation, Ki is a modified Bessel function of order i.
It corresponds to the case of wavepacket of real electromagnetic waves with the time dependence of
the transverse electric and magnetic field strengths components and the longitudinal electrical field
strength along the axis x2, x3 and x1 accordingly of the form [2]
Ex2 = Bx3 =
ebγ
(b2 + γ2v2t2)3/2
, Ex1 =
eγct
(b2 + γ2v2t2)3/2
. (35)
In the limit γ →∞ the values x = ωb/vγ ≪ 1, K0(x) ≃ 0.5772− ln(x/2), K1(x) ≃ 1/x and hence
the spectral density of the virtual quanta at a given frequency and impact parameter does not depend
on γ and tends to it’s maximum value
∂2εeq
∂ω∂S
=
e2
π2cβ2b2
, (36)
The increasing of the electron energy in this case lead to the expansion of the spectral bandwidth of
the virtual quanta in the high frequency region and total density of the energy of these quanta.
In collision problems the frequency spectra (1) must be summed over various possible impact
parameters to get the energy per unit frequency interval present in the equivalent radiation field. It
has the form
∂εeq
∂ω
=
2e2
πc
{xK0(x)K1(x)− x
2
2
[K21 (x)−K20 (x)]}, (37)
where x = ωbmin/vγ, bmin is a minimum impact parameter for a given problem (in our case bmin is
the radius a of the hole in the mirror with circular aperture).
In the ultrarelativistic case β ∼ 1, γ ≫ 1 for low frequencies x ≪ 1 or ω ≪ ωc = γc/bmin the
energy per unit frequency interval reduces to
∂εeq
∂ω
=
2e2
πc
[ln(
1.123ωc
ω
)− 1
2
], (38)
whereas for high frequencies ω ≫ ωc
∂εeq
∂ω
=
e2
2c
exp−2ω/ωc . (39)
The number of the virtual quanta per one electron per frequency interval ∆ω converted to the real
photons by the mirror
Nγ =
1
h¯ω
∂εeq
∂ω
∆ω ≃ 2α
π
ln
1.123ωc
ω
∆ω
ω
. (40)
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11 Appendix 3.
To compare the ability of different schemes of the particle radiation in external fields and in media
below we will present spectral-angular density of photons ∂2Nγ/∂ω∂o = (1/h¯ω)(∂
2ε/∂ω∂o) in an
electromagnetic wave emitted by one particle in the corresponding fields or media. The coherent
radiation of the particle bunches can be calculated by introducing the coherence factor which is near
the same for all of these schemes and hence the comparison will be valid for the coherent radiation
sources as well.
1. An electron comes from the infinity with the initial velocity ~v1 directed at the angle α < 0 to
the axis z. Then the electron is deflected by a magnet at the angle 2α in the xz plane and go out with
the final velocity ~v2.
In this case the spectral-angular density of photons is determined by expressions (4), (6). It takes
on maximum value
∂2Nγ
∂ω∂o
|θ=0 = 4αγ
2
π2ω
. (41)
at the banding angle 2α = 2/γ and in the direction of the axis z where the strange parameter (6) is
maxima [3].
The total number of photons emitted in the relative range of frequencies ∆ω/ω in this case
∆Nγ =
4α ln γ
π
∆ω
ω
. (42)
This case can not be realized as suppose the infinite electron trajectories. Radiation emitted in
such magnet installed in the storage ring and separated by focusing elements could lead to the values
which are near to (41), (42).
2. An electron is moving in the homogeneous magnetic field along the circular orbit of a radius ρ
and emit synchrotron radiation.
In this case according to (28)
∂2Nγ
∂ω∂o
=
3αγ2Γ2(23 )
22/3π2ω
(
ω
ωc
)2/3[1 +
Γ2(13)
22/3Γ2(23 )
(
ω
ωc
)2/3ϑ2],
∆Nγ =
3αγ2Γ2(23)
22/3π2
(
ω
ωc
)2/3[1 +
Γ2(13 )
22/3Γ2(23 )
(
ω
ωc
)2/3ϑ2]
∆ω
ω
∆o, (43)
where ∆o is the solid angle (∆ϕ ≤ 2π,∆θ ≤ θc) which can be accepted by the experimental installation.
The values (42) are proportional to ω
−2/3
c or B
−2/3
m . We can increase these values if will use the
long banding magnets with weak magnetic fields (11) installed in the straight section of the storage
ring as was discussed in the section 6.
3. An electron emit radiation in a helical undulator. The period of the undulator is λu, the number
of periods is K and the deflecting parameter is p⊥.
In this case the frequency of the undulator radiation emitted on the first harmonic along the axis z
will be determined by the expression (12) and the number of photons emitted in the frequency range
∆ω/ω
∆Nγ1 = (2π/3)αKp
2
⊥f(ω/ωm)(∆ω/ω), (44)
where ω1m = 2πc/λ1(ϑ = 0), f(ξ) = 3ξ(1− 2ξ + 2ξ2).
4. Prebunched free-electron laser based on an undulator and on an opened resonator.
The number of photons emitted by one electron in the prebunched free-electron laser based on a
helical undulator and on an opened resonator when electron bunch consist of one electron according
to (14) is equal
∆Noutγ = 8αQ
Kλu
lR
p2⊥
1 + p2⊥
, (45)
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where Kλu/lR < 1.
5. An electron emit transition radiation when crossing the plain mirror.
In this case the spectral-angular density of photons and the total number of photons emitted in
the relative range of frequencies ∆ω/ω is determined by expressions (17), (21)
∂2Nγ
∂ω∂o
=
αγ2
π2ω
ϑ2
1 + ϑ2
, ∆Nγ =
2α
π
[ln 2γ − 1]∆ω
ω
. (46)
The using a system of two or M > 2 plane mirrors will permit to reach 2M times more high values
of the spectral-angular density and total number of the emitted photons (see section 5.3).
6. An electron emit Cherenkov radiation when it pass through the transparent media.
The spectral distribution of the Cherenkov radiation emitted by an electron in a media and the
total number of photons emitted in the relative range of frequencies ∆ω/ω are determined by the
expressions [2].
∂Nγ
∂ω
=
αl
c
(1− 1
ǫβ2
), ∆Nγ =
2παl
λ
(1− 1
ǫβ2
)
∆ω
ω
, (47)
where ǫ is the dielectric constant, l is the length of the electron trajectory in media.
It follows from the expression (47) that the number of the emitted photons does not depend on γ
when γ2 ≫ ǫ/(1 − ǫ) and tends to maximum when γ →∞.
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